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ABSTRACT

In (1990), Certain new tensorsin a Finder space were introduced and studied by the author [4]. The purpose of
the present paper is to define and study some new and very useful symmetric and skew-symmetric tensors of second and
third order in a Finder space of three dimensions. In the present paper, while studying three dimensional Finder spaces
the author has defined a new symmetric tensor Dy, which satisfies Dy I' = 0 and D¢ = D; = D n;. Besides defining this
tensor and following the definition of C-reducible Finder spaces Matsumoto [ 2] the author has further defined and studied
D-reducible Finsler spaces. A symmetric tensor Qjjx based on Dy and similar to Py is also introduced and its relationship

with other known tensorsis studied. Several tensors corresponding to curvature tensor Sj, are also studied in =4
KEYWORDS: Three-Dimensional Finder Space, D-Tensor, Q-Tensor
INTRODUCTION

Let FPbe a three- dimensional Finsler space with the Maame (J, m, n). Corresponding to this frame, the

metric tensor and (h) hv-torsion tensors are glweMatsumoto [3] and Rund [6]

gj = llj + mm; + nn, (1.1)
And
Ci = Guy mmmy + Cyninn + Zijg {C g minn —Cey mmyni} (1.2)

In equation (1.2)Zqq {3, represents cyclic permutation of indices ikjand summation. In a three- dimensional

Finsler space h and v-covariant derivatives ohade are respectively given in Matsumoto [3]

Khm/r = arKhm - erAthm + Kkkahr - thkar (1.3)
And
Khm//r = ArKhm + ijcjhr - KhI'ijr (1-4)

whered, = o/ox" andA, = o/oy'.
From equations (1.3) and (1.4), we can easily alf&i2
|i/j=0, fﬁ/j =th,ni/j =—nihj, (15)

and
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L |i//j = Hj, L mi//j = -|i m + HVj, L ni//j = -|i n - I'HVJ' (16)
where y = Vs &) and h= Hys,e,);.

The second and third curvature tensors in the sefflSeCartan [1] are given by

Pikn = 6j) {Ajknit AP} (1.7)
Sikn = S(niolA inAi} (1.8)
Such that

ShfPikn}= = Sijkni 0 (1.9)

whereg, k{} means interchange of h and k and subtraction.
SOME NEW TENSORS OF SECOND ORDER
Definition

In a Finsler space of three dimensioAswe define non-zero second order symmetric tensgbsy) and B(x,y)

given by
Aij(xy) =Zapflim}, Bij(x.y) =X@f lin} (2.1)
which satisfy
Ajrk = hBjj, By« = - hA, (2.2)
A = LH{hymy; + e m-2 | [me+ viBi} (2.3)
and
B = L™{hun; + i — 240 — vA;} (2.4)

From these equations we can obtain
Theorem

In a three- dimensional Finsler spacgtEnsors Aand B satisfy

A I+ L2 me = qvi) = 0, By I' + L (2l — mwvy) = 0, (2.5)

2l Ak - hBi}= 0, Xaw{ Biyk + hAj} =0 (2.6)

3

Yol A L (2hymg— 2lme+ viB;)}= 0 (2.7)

and

Y {B i — L2 hyne+ 2Hine viAy)} = 0 (2.8)
Definition

In a Finsler space of three dimensioriswe define non-zero second order symmetric teng@rsy) and U(x,y)

given by
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T = X@{min}, Uj = mm; —nn (2.9)

These tensors satisfy

Tk = -2 hU;j, Uy = 2 ATy, (2.10)
Tim = -LYiTi + [T + 2 wU;} (2.11)
and

Ui = L (U + §Ui — 2 4 Ty) (2.12

which lead to
Theorem

In a three- dimensional Finsler spacetEnsors Tand U satisfy

Tim I' = -LU T, U I' = - LU, Tijwo = 0, Uyo = 0, (2.13)

Yol Tk + 2 Uihc} = 0, Yiro{ Uiy = 2 AT } = 0, (2.14)

Sl T + 2 LTy + vilj)}= 0, (2.15)

Yaw{ Uit 2L (U — vTi)}= 0. (2.16)
Definition

In a Finsler space of three dimensiorfs We define non-zero second order skew-symmetrisdes E(x,y),
Fi(x,y) and \j(x,y), given by

Ej =cap{ lim}, Fiy =cpp{lim}, Vi = gy {min} (2.17)

These tensors satisfy

Eiy« = hFj, Ry« = - hEj, Vi =0 (2.18)
Eij = L (R —nV3), F = LMV — WE;) (2.19)
Vi = (Vi + Vi) (2.20)
4

From equation (2.18), (2.19) and (2.20) we caniobta
Theorem
In a three -dimensional Finsler spadeFensors F F; and ; satisfy

Ejn ' = Ly, Ry I' = - Lviemy, Vi I' = LV and

Ya{Eirk - heFi}= 0, Xaw{ Fijx + hEj}= 0, (2.21)
Yol B LVF} = 0, Yio{ Figme + L ViEy} = 0 (2.22)
Sl Vi -2L71Vy} = 0. (2.23)
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From equations (2.1), (2.8) and (2.17), we canastablish

Theorem
In a three dimensional Finsler space tEnsors A By, Tyj, Uy, EjFy and \fj satisfycgy{A njAi} = ExEni, cgxy {Bnj
Bi}= FiiFni- Saiod T hiTit= V hiVig= SgiofU niUid= gi{hnhi}-
SOME NEW TENSORS OF THIRD ORDER
Definition
In a Finsler space of three- dimensioriswe defineAAj = Ak, ABjj = Biji, ATy = T andAU; = Ui such

that
Aiix = Ay + me Y { 1,Clid (3.1)
Bix =B + ne Xp{ 1,Cic} (3.2)
Tiik =T + M Lap{ niChud + ne Xp{ m;Cli} (3-3)
Uitk = Ui + m Zap{ miClict —n¢ Yp{ niClit (3.4)
These equations can be further solved with the &ielp
mM,C'ix = Gy mmy — G Tik + Cgning (3.5)
NClic = - Gy mimy + G Ty + Cyning (3.6)
From above equations we can obtain

Theorem
In a Finsler space of three - dimension 50=0,B0=0,Tjo=0,U,o=0.

Definition
In a Finsler space of three - dimensioAsvie defineAE; = Ejx,
AF; = Fjx andAVj = Vjsuch that 5
Eix = B — m g {1;,CTu} (3.7
Fik = R - g g 1,C7} (3.8)
Viik = Vig + m g6 {n;Clic }- nr gy {m;Chu} (3.9)
From above equations we can obtain

Theorem

In a Finsler space of three- dimensioﬁsEEJ_o =0,Ro=0and \,=0.
THIRD ORDER SYMMETRIC TENSOR

Dix. Let Dy, be a symmetric tensor in a Finsler spatedisfying Qi I' = 0, Dyg* = D, = D n. Any tensor of the

above type in fean be expressed as
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Dijc = Dy mmymy + Dyninnie + Xy {D 3y mmjn + Dygy minni}
where Qy), D), D5y and Qg are scalars to be determined.
Multiplying equation (4.1) by'ty we obtain on simplification
D n = (D) + D)) m + (D) + Deg)) 0,

which easily leads to

D) + D = D, Dy + Dy = 0.

Thus equation (4.1) can also be expressed as

Dix = Dy mmymy + Dgyninni + Ziiy {D 3y mmine-Dgy mimjn},
which leads to the following :

Definition

(4.1)

(4.2)

(4.3)

In a three -dimensional Finsler spacethe symmetric tensor;satisfying G I'=0, Djkgjk =D n and given by

equation (4.3) shall be called a D-tensor.
Remarks
It is to be noticed that o, which looks similar to gexists for & 3 only.
Equation (4.3) can alternatively be expressed as
Dij = Ziig{X « mimy + Y, nin}
where
Xk = (1/3) Qymy + Dg)ne
6
and
Y« = (1/3) Dk — Dgymic
Equation (4.3) can also be expressed as
Dij = ZdX jmi + Yjni}
where X = Xim; and Yj = Yin;.
Now we shall consider some special cases.

Case |

(4.4)

(4.5)

(4.6)

(4.7)

If we assume [ = 0, equation (4.3) on simplification giveg> - D). Conversely, if we assumedD= - D), in

equation (4.3), it gives > 0. Hence we have:
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Theorem
The necessary and sufficient condition for the @eE to vanish in Eis given by Iy = - D).
Case Il. If in a special case we assume thgi 0, Oz = 0, D = D, equation (4.3) can be expressed as
Dix = D DiD; Dk (4.8)
Conversely, if we assume (4.8), it leads g B0, Dg) = 0, D= D. Hence we have:
Theorem

The necessary and sufficient condition fgx B be expressed as in (4.7), in a three dimenkkinaler space ¥
is that Ql) =0, Q3) =0, QZ)Z D.

Case lll
If Dy = 0, Oz = D) = D/2, equation (4.3) gives
Dix = (D/2)[nning + Zg{mimin}] (4.9)
Hence we have:

Theorem

In a three dimensional Finsler spacgifD ) = 0, D) = Dz = D/2, Dy is given by (4.9).

Case IV. If Dyy = 0, D) = 0, Dg) = D, equation (4.3) gives

Dijc = D Zgy{mimjni} (4.10)
Conversely, if [} is given by (4.10), equation (4.3) gives D 5D, = 0 and

Dy [mimymy - Zg{minng] = 0 (4.12)
7

If we multiply equation (4.11) by inwe get RyUjx = 0 and if we multiply equation (4.11) by we get RyTi =

0. As we know that neitherynor Ty vanish, therefore | = 0. Hence we have:
Theorem

In a three dimensional Finsler spacetRe necessary and sufficient condition feg B 0, Dz = 0 and Ry = D, is
that Dy is represented by (4.10)

PROPERTIES OF D-TENSOR IN P

Let D.jkmk ='Dj andl:}knk =*Dj;, then from equation (4.3) similar to Shimada [l &Rastogi [5], we can obtain

'Dij = D(l)Uij + D(3)Tij (51)
and
*Dij = D(z)ninj - D(l)Tij + D(3) mym; (52)
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Remark

If we take '} = 0, equation (5.1) givesdp= 0, Dz = 0 and I = D, while for *D; = 0, D) = 0, O3 = 0 and [

From equations (5.1) and (5.2) we can observetémsiors '[P and *D; are symmetric in i and j and also satisfy

'Dyg’ = 0 and *Qg’ = D. Hence we have:

Theorem
In a three- dimensional Finsler spadethe tensors ‘pand *D; satisfy 'Og’ = 0 and *Qg’ = D.
Further from equations (5.1) and (5.2) we can obtai
'Dym'= Dggy m; + Dy, 'Dym m' = Dyyy, 'Dymin' = Dy (5.3)
*Dym = Dy my — Dy, *Dym m = D), *Dymin' = -Dyyy (5.4)
Using equation (1.3), from equation (5.1) and (5v&)can obtain
'Diyk ={(D@yk+ 2Dgyhi Tij + {D(y/ k- 2 DghiV (5.5)
and
*Diyk = (D /k— 2 Dyh) ninj + (Dgy s« + 2 Dyyhy) mym;
- (Daysx * Do he — Dahi) Ty (5.6)
From equations (5.5) and (5.6), we can obtain
Dyl = {(D@yo+ 2D Mo} Tjj + {Dwys o 2 Dgy ho}U (5.7)
8

*Dijl“= (Dzy 10— 2 Dy ho) iy + (D) 10+ 2 Dy ho) mmy

- (Dyso0+ Dgyho — Dy ho) Tj (5.8)
and
Dyl = 0, *Dyl’ = 0. (5.9)

Hence we have:
Theorem

In a three -dimensional Finsler spacé I-covariant derivatives of tensors; 'Bnd *D; satisfyequations (5.7),
(5.8) and (5.9).

Using equation (1.4), from equation (5.1), we chtam
'Dik = {Degyi + 2 W L Dy} Tij + {Dy i 2 e LDV
- Aj LY (D@ + Dymy) - By LH(Dgymy — Dy (5.10)

and

I mpact Factor(JCC): 3.9074 - Thisarticle can be downloaded from www.impactjournals.us




| 16 S. C. Rastogi |

*Dik = {D @ m+ 2 L Dayvidmimy + (Dayi -2L Dyvi) niny
-{D @ + L' (DyDee) Vid Tij + L(D Mk ~Dyn) B
- (DgMi — Dyni) Al (5.11)

From equations (5.10) and (5.11), we can obtain

Dynl’ = - LD Ty + Dy Uy ] (5.12)
'Dijio = Dyno Tij + DayndUi (5.13)
and

*Dij//klj: LD wT; - Dgynink - Dz mmy] (5.14)
*Dijio = Dy noniny —Deay o Tij + Dyay o My, (5.15)

From equations (5.1) and (5.12), we can obtain
Dyl + LDy =0 (5.16)
Hence we have:
9
Theorem
In a three- dimensional Finsler spacethRe tensorD;, satisfies equation (5.16).
Similarly from equations (5.2) and (5.14), we céutain
Dyl + LDy =0 (5.17)
Hence we have:
Theorem
In a three - dimensional Finsler spacgtRe tensor Dy, satisfies equation (5.17).
D-REDUCIBLE FINSLER SPACES

Following calculations similar to the one used bwatdMimoto [2],in analogy to the definition of C-reducible

Finsler space, we here define D-reducible Finglacs.
Definition
A Finsler space ¥ shall be called D-reducible Finsler space iftédresor D« is defined as
Dix = (1/4) X {hi D} (6.1)

Example. Let us consider a Finsler spaterFwhich Dy = 0, D) = (%) D and [ = (1/4) D, then the tensor;D
is expressible as

Dix = D [(3/4) nnyny + (¥a) Zgo{mimyn}] (6.2)
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Equation (6.2) is nothing but equation (6.1) writte alternative form.

From equation (6.2), we can obtain by virtue ofaopn (3.1)

Dy =(1/4) DT (6.3)
*Djj = (1/4) D ( + 2 nny) (6.4)
Using equations (1.3) and (4.3) we can obtain opkfication

Dik/r ={D )+ -3 Db} mimmy + (D), -3Dyhy) nimjng

+ 2 [{(D @ /¢ +3 Dyhd mimyn {(D 2y r + Dyhr -2 Digyhy)} minjny] (6.5)
If we define Q« = Dix/0, from equation (6.5), we get

Qik = {D@/0-3 D) hg} mimmy + (D2 / 0-3Dgyho) ninynyc

10

+ Zi[D (3)0+3 Diyho} mimyny -{D (1), o+ (D)~ 2 Dig))hg)} minjny] (6.6)

If we assume that the tensof@ proportional to R, i.e., Qx = A Djx, wherel is a scalar and is coefficient of

proportionality, from equations (4.3) and (6.6),dmmparing coefficients, we can obtain
*  Dgys0-3 D) hg =4 Dy, (ii) Dy /0-3Dyho =& Dy,
*  Ds0*3 Dyho =% D), (V) Dayot Dizho- 2 Dy ho =2 Dy
From (i) and (iv), we can obtain ¢p+ D)hy = 0 and from (ii) and (iii), we get
D)o+ Dgro=2 (D + D). Since b+ 0, it implies Q) + D =0, i.e., D =0,
which will imply D; = 0 and [} = 0. Hence we have:
Theorem
In a three - dimensional Finsler space, if we assthat G = A Dy,
then both G and Gy vanish.
From equation (6.6) by virtue ofy@"* = Q, we can obtain G D, ¢n; —
D hy m. For a D-reducible Finsler spacg By virtue of (6.2), the tensorQcan
be expressed as
Qik = - (1/4) D R Xy {hijmi} (6.7)
From the definition of C-reducible Finsler spadeaRd equation (6.7), we can obtain
C Qi + D hCjx = 0. Hence we have:
Theorem

In a C-reducible Finsler spacé, Forsion tensor £, and in a D-reducible Finsler spacgtBrsion tensor Q

I mpact Factor(JCC): 3.9074 - Thisarticle can be downloaded from www.impactjournals.us |




| 18 S. C. Rastogi |

satisfy C Q¢ + D hyCix = 0.
Similar to the definition of P-reducibility, we cajive following:

Definition
A Finsler space ¥ shall be called Q-reducible if the Q-tensor igegi by
Qik = (1/4) X {hijQu (6.8)
Equation (6.8) can alternatively be expressed as
Qik = (D o/4) (hyne + hyn; + hamy) - (Dhy/4)(hymy + e my + hgmy) (6.9)
11

If a Q-reducible space is both C-reducible and @uoible, from equation (6.9), we can obtain G€Q D? hoCik
+ D, C Dj.Hence we have:

Theorem

A three - dimensional Q-reducible Finsler spatewich is both D-reducible and C-reducible sa#isfCDQ,= -
D? hCij + Dj oC Di.

TENSOR D'jjn .

In analogy to the definition of v-curvature tensk, based on torsion tensofCwe define here the tensor

D'jxnbased on R as follows:
D'k = DinrD'ik — DieD'jn (7.1)
Substituting the value ofofrom equation (2.2) in (7.1), we obtain on sinipktion
D'jin = (2Dwy’- D2y Deg) + Dgay’) (M — min) (myny — mpny) (7.2)

We know that in & the tensor i, — hehy = (mny — mm) (myn, — myny), therefore equation (7.2) can also be

expressed as
D'jn = (2D~ Dy Dig) + Diay’) (uchin — hinhy) (7.3)
Following proposition (29.2) of Matsumoto [2], warcobtain
D'jin = D* (hichy, — hnhyo) (7.4)
where D* is a (0)p-homogeneous scalar satisfying
D* = (2 Dgy*- Dgz) D) + Dyz)) (7.5)
Hence we have:

Theorem

In a three- dimensional Finsler space there exists a tensor;ld' given by (7.2) such that its scalar D* is given
by (7.5).
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From equation (7.2), we can observe thgt,B* 0 implies either h= 0, i.e., Bis a Riemannian space or (21)5

D) D) + D) = 0. Hence we have:

Theorem

In a three- dimensional non-Riemannian Finsler sgécthe necessary and sufficient condition for theste

D'jin to vanish is given by D*= 0.
From Djy»g"= D'y and Dj,g* = D’, we can obtain from equation (7.3)
D'; =D*h;, D= 2D*. Hence we have:
12
Theorem
In a three- dimensional non-Riemannian Finsler sfzieRicci tensorand
D’-scalar satisfyy' =D*h;;, D= 2D*.
In a D-reducible Finsler space equation (7.2) \&giby
D'jin = -(1/8) D(hichn — hnhy)
which implies D; =- (1/8) D'h; and D' = - (1/4) B
TENSOR Qjin
Corresponding to tensoryQwe define tensor g, as follows:
Qikn = QnQ'j- Qu Q'
Substituting value of @ etc. from equation (4.3) in (8.1) and solving ves g
Qikh = (AS+ A + Ay Ay — Ay Ag) (M — mm) (MmN — M),
where
A1 =Dy o—3Dg) ho, A2 = Dy o- 3 Dy ho
Az =Dy o+ 3Dy ho, Az = Dy ot (Do 2 Dgy ) ho
From equation (8.3), we can observe that
A4 - A; = (Day* D) ho, Az + A3 =Dy 10+ Dgyo
Hence we have:

Theorem

In a three- dimensional Finsler spacetEnsor Q« is given by(8.2), such that its coefficients Igt(8.4).

Comparing equations (7.2) and (8.2), we can obtain

Qikh = (A+ A2 + Ay Ay — Ay A3) (2Duy™ D2y Dis) + Dzy’) "Dikn

(7.6)

(8.1)

(8.2)

(8.3)

(8.4)

(8.5)

I mpact Factor(JCC): 3.9074 - Thisarticle can be downloaded from www.impactjournals.us




| 20 S. C. Rastogi |

Hence we can obtain
Theorem
In a three -dimensional Finsler spacetRe tensors £ and Qu, are proportional to each other.
For a D-reducible Finsler space, A- (3/4) D i, A, =0, A =0, A, = (1/4) Dh, therefore equation (8.2) gives
13
Qi = - (1/8) ¥ h?( myn; — my)(mpny — myny) (8.6)
which implies Qu,g" = Qk = - (1/8) D’ hy’hy and Qg* = - (1/4) T hy.
Hence we have:
Theorem
In a three -dimensional D-reducible Finsler spateadfsor Q«n is expressed by equation (8.6).

For a Q-reducible Finsler spacé R; =-(3/4) D k, A, = (3/4) Dy, Az = (1/4) Dy and A = (1/4) D h, therefore

equation (8.2) can be expressed as
Qi = - (1/8)( Do” + D’hY) (mn; — mny)(mung — M) (8.7)
Hence we have:
Theorem
In a three- dimensional Q-reducible Finsler spateefsor Q«n is expressed by equation (8.7).
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